ON RESIDUAL PROPERTIES OF WORD HYPERBOLIC
GROUPS

ASHOT MINASYAN

ABSTRACT. For a fixed word hyperbolic group we compare different residual
properties related to quasiconvex subgroups.

1. INTRODUCTION

Any group G can be equipped with a profinite topology P7 (G), whose basic open
sets are cosets to normal finite index subgroups. It is easy to see that the group
operations are continuous in P7(G). The group is residually finite if and only if
the profinite topology is Hausdorff.

A subgroup H < @ is closed in P7(G) if and only if it is equal to an intersec-
tion of finite index subgroups; equivalently, for any element g ¢ H there exists a
homomorphism ¢ from G to a finite group L such that ¢(g) ¢ ¢(H). In this case
the subgroup H is called G-separable.

The profinite closure of a subgroup H < G, i.e., the smallest closed subset
containing H, is equal to the intersection of all finite index subgroups K of G such
that H < K.

A group G is said to be LERF if every finitely generated subgroup is closed in
PT(G). The class of all LERF groups includes free groups [6], surface groups [20]
and fundamental groups of certain 3-manifolds [20], [3].

Let G be a (word) hyperbolic group with a finite symmetrized generating set A
and let T'(G, A) be the corresponding Cayley graph of G. A subset @ C G is said
to be quasiconvez if there exists a constant > 0 such that for any pair of elements
u,v € @ and any geodesic segment p connecting u and v, p belongs to a closed
n-neighborhood of the subset @ in I'(G,.A). Quasiconvex subgroups are precisely
those finitely generated subgroups which are embedded in G without distortion [I0}
Lemma 1.6].

As it was noted in [I3], in the context of word hyperbolic groups instead of
studying LERF-groups it makes sense to study GFERF-groups. A hyperbolic group
is called GFERF if each quasiconvex subgroup is closed in P7 (G). Thus, within
the class of hyperbolic groups, the notion of GFERF is more general than LERF:
every LERF hyperbolic group is GFERF but not vice versa.

Unfortunately, it is absolutely unclear how to decide if a random word hyperbolic
group is GFERF (or LERF). With this purpose, D. Long [§] and, later, G. Niblo
and B. Williams [I6] suggested to utilize the engulfing property. They say that a
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subgroup H < G is engulfed if it is contained in a proper finite index subgroup of
G.

The author was mainly interested in the following two theorems established by
Niblo and Williams in 2002:

Theorem A. ([16, Thm. 4.1]) Let G be a word hyperbolic group and suppose that
G engulfs every finitely generated free subgroup with limit set a proper subset of the
boundary of G. Then the intersection of all finite index subgroups of G is finite. If
G is torsion-free then it is residually finite.

Theorem B. ([I6] Thm. 5.2)) Let G be a word hyperbolic group which engulfs
every finitely generated subgroup K such that the limit set A(K) is a proper subset
of the boundary of G. Then every quasiconvex subgroup of G has a finite index in
its profinite closure in G.

The main goal of this paper is to generalize Theorems A and B by weakening
their assumptions and, in certain situations, strengthening their conclusions.

In a hyperbolic group G the structure of a distorted subgroup can be very com-
plicated. Thus, the basic idea is to use assumptions which concern only quasiconvex
subgroups. We prove the following results in Section

Theorem 1. Let G be a hyperbolic group with a generating set of cardinality s € N.
Suppose that each proper free quasiconvex subgroup of rank s is engulfed in G. Then
the intersection of all finite index subgroups of G is finite. If G is torsion-free then
it is residually finite.

Theorem 2. Suppose G is a hyperbolic group which engulfs each proper quasiconvex
subgroup. Let H be an arbitrary quasiconvex subgroup of G. Then H has a finite
index in its profinite closure K. Moreover, K = HQ where Q is the intersection of
all finite index subgroups of G.

The assumptions of Theorems [I] and [ are, indeed, less restrictive than the
assumptions of Theorems A and B, because if H is a quasiconvex subgroup of a
hyperbolic group G with |G : H| = oo then the limit set A(H) is a proper subset
of 0G ([22] Thm. 4], [14, Lemma 8.2]).

In the residually finite case Theorem [2| can be reformulated as follows:

Theorem 3. Let G be a residually finite hyperbolic group where every proper qua-
siconvex subgroup is engulfed. Then G is GFERF.

Combining together the claims of Theorems [I] and [3] one obtains

Corollary 1. Let G be a torsion-free hyperbolic group where each proper quasicon-
vex subgroup is engulfed. Then G is GFERF.

N. Romanovskii [I9] and, independently, R. Burns [2] showed that a free product
of two LERF groups is again a LERF group. We suggest yet another way for
constructing GFERF groups by proving a similar result for them (see Section @:

Theorem 4. Suppose G1 and G2 are GFERF hyperbolic groups. Then the free
product G = Gy * G5 is also a GFERF hyperbolic group.
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2. PRELIMINARIES

Let G be a group with a finite symmetrized generating set A. Naturally, this
generating set gives rise to a word length function |g|¢ for every element g € G.
The (left-invariant) word metric d : G x G — N U {0} is defined by the formula
d(z,y) = |[v71y|g for any z,y € G. This metric can be canonically extended to the
Cayley graph T'(G,.A) by making each edge isometric to the interval [0, 1] C R.

For any three points z,y,w € I'(G,A), the Gromov product of x and y with
respect to w is defined as

(el < 3 (dle,w) + d(y, w) — d(z,).

Since the metric is left-invariant, for arbitrary z,y, w € G we have

(@Y)w = (™ wlw™ )1

The group G is called (word) hyperbolic according to M. Gromov [0] if there
exists 6 > 0 such that for any x,y, z,w € T'(G, A) their Gromov products satisfy

(2ly) > min{(]2)u, (4]2)} - 5.

Equivalently, G is hyperbolic if there exists § > 0 such that each geodesic triangle
A in (G, A) is §-slim, i.e., every side of A is contained an a §-neighborhood of the
two other sides (see [I]).

From now on we will assume that G is a hyperbolic group and the constant § is
large enough so that it satisfies both of the definitions above.

For any two points z,y € I'(G,.A) we fix a geodesic path between them and
denote it by [z,y]. Let p be a path in the Cayley graph of G. Then p_, p; will
denote the startpoint and the endpoint of p, ||p|| — its length; lab(p), as usual, will
mean the word in the alphabet .4 written on p. elem(p) € G will denote the element
of the group G represented by the word lab(p). If W is a word in the A, elem(W)
will denote the corresponding element of the group G. For a subset A C I'(G, A)
its closed e-neighborhood will be denoted by O, (A).

The §-slimness of geodesic triangles implies 20-slimness of all geodesic quadran-
gles abed in T'(G, A):

[a,b] C Oss([b, ] U [c,d] U [a,d]).

A path ¢ is called (A, ¢)- quasigeodesic if there exist 0 < A < 1, ¢ > 0, such that
for any subpath p of ¢ the inequality A||p|| — ¢ < d(p—,p4) holds. A word W is said
to be (), ¢)-quasigeodesic if some (equivalently, every) path ¢ in I'(G, .A) labelled
by W is (A, ¢)-quasigeodesic.

Lemma 2.1. ([4 5.6,5.11],[T}, 3.3]) There is a constant v = v(d, \, ¢) such that for
any (A, ¢)-quasigeodesic path p in T'(G, A) and a geodesic ¢ with p— = q_, py = q4,
one has p C O,(q) and ¢ C O,(p).

Lemma 2.2. ([14, Lemma 4.1]) Consider a geodesic quadrangle x1xoxszy in the
Cayley graph T'(G, A) with d(za,x3) > d(z1,22) + d(x3,24). Then there are points
u,v € [Ta,x3] such that d(za,u) < d(x1,z2), d(v,z3) < d(x3,24) and the geodesic
subsegment [u,v] of [x2,x3] lies 20-close to the side [x1,x4].

If 2,9 € G, we define 19 = gzg~—!. For a subset A of the group G, A9 = gAg™*,
and the notation A% will be used to denote the subset {gag™' |a € A,g € G} C G.
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Remark 2.1. [10, Remark 2.2] Let @ C G be quasiconvex, g € G. Then the subsets
9@, Qg and gQg~ "' are quasiconvex as well.

Thus, a conjugate of a quasiconvex subgroup in a hyperbolic group is quasiconvex
itself. Another important property of hyperbolic groups states that any cyclic
subgroup is quasiconvex (see [1], for instance).

In this paper we will also use the concept of Gromov boundary of a hyperbolic
group G (for a detailed theory the reader is referred to the corresponding chapters
in [4] or [I]).) A sequence (z;);en of elements of the group G is said to be converging
to infinity if

im (wi|z)14 = oo.
i,j—00

Two sequences (;)ien, (¥;)ien converging to infinity are said to be equivalent if
lim (z;|yi)14 = 0.
11— 00

The points of the boundary 0G are identified with the equivalence classes of se-
quences converging to infinity. It is easy to see that this definition does not depend
on the choice of a basepoint: instead of 15 one could use any fixed point p of
I'(G, A) (see [1]). If « is the equivalence class of (z;);en, we will write lim z; = «a.

11— 00

The space OG can be topologized so that it becomes compact, Hausdorff and
metrizable (see [1],[4]).

Left multiplication by an element of the group induces a homeomorphic action
of G on its boundary: for any g € G and [(z;)ien] € OG set

def
gol(@)ien] = [(92:)ien] € 0G.
If g € G is an element of infinite order then the sequences (g%);en and (g7%)sen
converge to infinity and we will use the notation

lim ¢ = ¢® € 9G, lim g~" = g~ € JG.
17— 00 1—00

For a subset A C G the limit set A(A) of A is the collection of the points a € G
that are limits of sequences (converging to infinity) from A.

Let us recall an auxiliary binary relation defined between subsets of an arbitrary
group G in [T4]: suppose A, B C G, we will write A < B if and only if there exist
elements z1,...,z, € G such that

AC BriUBay U---U Bxz,.
It is not difficult to see that the relation ”=<” is transitive and for any g € G,
A =< B implies gA < gB.
Lemma 2.3. ([I4, Lemma 2.1]) Let A, B be subgroups of G. Then A < B if and
only if the index |A : (AN B)| is finite.
The basic properties of limit sets are described in the following statement:

Lemma 2.4. ([7],[22],[14, Lemma 6.2]) Suppose A, B are arbitrary subsets of G,

a) A(A) =0 if and only if A is finite;

) A(A) is a closed subset of the boundary OG;
A(AUB) =A(A)UA(B);

A(Ag) = A(A), g0 A(4) = A(gd);

e) if A =< B then A(A) C A(B).
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The following property of limit sets of quasiconvex subgroups was first proved
by E. Swenson:

Lemma 2.5. ([22) Thm. 8], [II, Lemma 9.1]) Let A, B be quasiconvex subgroups
of a hyperbolic group G. Then A(A) NA(B) = A(AN B) in 0G.

3. AUXILIARY FAcTs

Lemma 3.1. Assume H is an n-quasiconvex subgroup of a §-hyperbolic group G,
X is a word over A representing an element of infinite order in G, 0 < A <1 and
¢>0. Letv =v(,\,c) be the constant given by Lemma . There exists a number
N = N(6,n,v,G) € N such that for any m € N the following property holds.

If a word W = U1 X"Us is (A, ¢)-quasigeodesic and satisfies ||Uy]], ||Uz|| > (m +
v+e)/A, n > N and elem(ViW V) € H for some words Vi, Vo with ||V1|, [V < m,
then there exist k € N and a € G such that elem(X*) € H* and |a|g < 20 +v +1.

Proof. Consider a path ¢ in I'(G,.A) starting at 1 and labelled by ViWV;. By
our assumptions, ¢ € H. Let p and r be its (), ¢)-quasigeodesic subpaths with
lab(p) = W and lab(r) = X™ respectively. Choose an arbitrary phase vertex u € r
such that the subpath of r from r_ to w is labelled by some power of X.

According to Lemma there is v € [p_, p4] satisfying d(u,v) < v. Using the
assumptions and the triangle inequality one can achieve

d(p_,v) > d(p—,w) — d(u,v) > A|U1]| ¢ = v > m, and
d(ps,v) > d(py,u) — d(u,v) > A|Ual| — ¢ — v > m.

Hence, by Lemma 2.2 v € Os5([1¢, g+ ]).-
Thus,
u € 025+V([1G7 q+]) - 025+V+W(H)’

i.e., there is an element a = a(u) € G such that |a|g <25+ v +n and v € Ha.

Now, since the alphabet A is finite, there are only finitely many elements in G
having length at most (20 +v+1n). Hence, if n is large enough, there should be two
different phase vertices u1,us € r with a(u1) = a(uz) = a. By the construction,

uy g = elem(X*) € a ' Ha

for some positive integer k (X* is a label of the segment of r from u; to ug, provided
these points are chosen in a correct order). Q.e.d. ([l

Lemma 3.2. Assume G is a hyperbolic group and H < G is a quasiconvex subgroup.
If g€ G and gH = H, then H < gH.

Proof. If H is finite, the statement is trivial. Our assumptions immediately imply
" 'H<g"?H <. <gH=<H

for all k € N. Hence,

(1) ¢" 'H=<H.

If g has order £k € N in the group G, then to achieve the desired result it is
enough to multiply both sides of the above formula by g.

Thus, we can further assume that H is infinite and the element ¢ has infinite
order. Therefore, H has at least one limit point « € A(H). Observe that implies

g" o AM(H) = A(g"H) € A(H),
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thus g" o € A(H) for all n € N.

If « # g~ in OG, it is well known (see, for instance, [4, 8.16]) that the sequence
(g™ o a)nen converges to g™°. Since A(H) is a closed subset of the boundary 9G,
in either case we achieve

A({g)oo) = {99~ "IN A(H) # 0.
By Lemma the latter implies g* € H for some k € N. Combining this fact with
we get H = g®H < gH, which concludes the proof. ([l

The previous lemma has an interesting corollary:

Lemma 3.3. Suppose H, K are subgroups of a hyperbolic group G such that H < K,
|K : H| = 00 and H is quasiconvex. Then |K : (K N HY9)| = oo for any g € G.

Proof. If |K : (K N HY)| < oo for some g € G then H < K < gHg™! < gH
according to Lemma Consequently ¢ 'H < H. Hence H < ¢g~'H by Lemma
implying gHg~! < gH < H. But the latter leads to K < H which contradicts
the condition |K : H| = oo (see Lemma [2.3)). O

If G is a hyperbolic group, each element g € G of infinite order belongs to a
unique maximal elementary subgroup E(g). By [I7, Lemmas 1.16, 1.17] it has the
following description:

(2) E(g)={z€G |zg"z™! =g for some k,l € Z\{0}} =

L= ¢ for some n € N}.

{zeG|ag"a
Note that the subgroup E*(g) </ {z€G|axg"s™" = g" for somen € N } has
index at most 2 in E(g).
Let Wy, Ws, ..., W, be words in A representing elements g1, g2, . . ., g; of infinite
order, where E(g;) # E(g;) for i # j. The following lemma will be useful:

Lemma 3.4. ([I7, Lemma 2.3]) There exist constants A = A(Wy, Wa,...,W;) > 0,
c=c(W,Wa,....W;) >0 and N = N(Wy,Wa,...,W;) > 0 such that any path
p in the Cayley graph I'(G, A) with label W™ W ... W™ is (), c)-quasigeodesic

if iy # gy for k=1,2,...,8 =1, and |my| > N for k =2,3,...,5 — 1 (each iy
belongs to {1,...,1}).

For a subgroup H of G denote by H? the set of elements of infinite order in H;
if A C G, the subgroup Cy(A) = {h € H | g" = g, V g € A} is the centralizer of
Ain H.

Set E(H) = (,epo £(z). If H is a non-elementary subgroup of G, then E(H)
is the unique maximal finite subgroup of G normalized by H ([I7, Prop. 1]).

If g € G° T(g) will be used to denote the set of elements of finite order in the
subgroup E(g).

Let G be a hyperbolic group and H be its non-elementary subgroup. Recalling
the definition from [17] (and using the terminology from [12]), an element g € H°
will be called H-suitable if E(H) = T(g) and

E(g) = E*(g9) = Calg) = T(g) x (9)-
In particular, if the element g is H-suitable then g € Cy (E(H)).
Two elements g, h € G of infinite order are called commensurable if g* = ahla™"

for some non-zero integers k, [ and some a € G. The following important statement
was proved by A. Ol’'shanskii in 1993:
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Lemma 3.5. ([I7, Lemma 3.8]) Every non-elementary subgroup H of a hyper-
bolic group G contains an infinite set of pairwise non-commensurable H -suitable
elements.

Suitable elements can be modified in a natural way:

Lemma 3.6. ([I2] Lemma 4.3]) Let H be a non-elementary subgroup of a hyperbolic
group G, and g be an H-suitable element. Ify € Cy (E(H))\E(g) then there exists
N € N such that the element yg™ has infinite order in H and is H-suitable for
everyn > N.

In [T4] the author studied properties of quasiconvex subgroups of infinite index
and showed

Lemma 3.7. ([I4, Prop. 1]) Suppose H is a quasiconvezr subgroup of a hyperbolic
group G and K is any subgroup of G that satisfies |K : (K N HY)| = oo for all
g € G. Then there exists an element x € K having infinite order, such that
(r)o N HY = {15}.

Later we will utilize a stronger fact:

Lemma 3.8. Assume H,K are subgroups of a d-hyperbolic group G, H is n-
quasiconvezr, K is non-elementary and |[K : (K N HY)| = oo for every g € G.
Then there evists a K -suitable element y € K such that (y)e N HE = {15}.

Proof. Set K' = Ck (E(K)). Since E(K) is a finite subgroup normalized by K, we
have |K : K'| < co. Therefore |[K': (K'NHY)| = oo for all g € G. Applying Lemma
we can find an element of infinite order x € K’ such that (z)o, N HY = {1}.
By Lemma [3.5] there is a K-suitable element z € K which is non-commensurable
with z, hence (r)oo N E(z) = {1¢}.

Choose some words X and Z in the alphabet A representing x and z respectively.
Then one is able to find the numbers A = AM(X, Z), c = ¢(X, Z) and Ny = N, (X, Z)
from the claim of Lemma [3.41

Define v = v(6, A\, ¢) and Ny = Ny(d,7,v,G) as in Lemmas [2.1] and Denote
N = max{Nj, No} and apply Lemma to obtain m > Nj such that the element
y=xVz" € K is K-suitable.

It remains to check that (y)oo N H® = {1g}. Assume the contrary, i.e., there
exist t € Nand g € G such that y* € H9. Then for each | € N, the element y* € HY
will be represented by the (), ¢)-quasigeodesic word W = (XN Z™)%. And if the
number [ is chosen sufficiently large (compared to m = |g~ !¢ = |g|g), it should
be possible to find a subword of the form X% in the "middle” of W which satisfies
all the assumptions of Lemma Hence, 2% = elem(X*) € HY for some k € N.
The latter contradicts to the construction of . Thus the lemma is proved. (]

As usual, let G be a d-hyperbolic group and H- its n-quasiconvex subgroup.

Lemma 3.9. Suppose the elements x1, 29 € G have infinite order, E(x1) # E(x2),
and for each i = 1,2, satisfy (x;)oo N HY = {1g}. Then there exists a number
N € N such that for any m,n > N the elements x1*, x4 freely generate a free
subgroup F of rank 2 in G. Moreover, F is quasiconvex and F N HE = {1g}.

Proof. Choose some words X7 and X5 in the alphabet A representing the elements
z1 and z3. Apply Lemma to find the corresponding A = A(X3,Xs), ¢ =
¢(X1,X2) and Ny = N;1(X1,X5). Then one can find the constant v = v (4, A, ¢)
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from the claim of Lemma and define Ny = Ny(4,7,v,G) in accordance with
Lemma 3.1

Set N = max{N1, N2, |¢/\] +1}. Consider arbitrary integers m,n > N and the
subgroup F = (z7",2%) < G. By Lemma any non-empty (freely) reduced word
W in the generators { X7, X7} is (A, ¢)-quasigeodesic. Hence

lelem(W)|g > AM|[W||—c> AN —¢ > 0.

Consequently, elem(W) # 15 in G, implying that F is free with the free generating
set {z7",25}. By the construction of v, F' will be e-quasiconvex where

1
e=v+ 3 max{m| X1, n|| X2||}.

Consider a non-empty cyclically reduced word W in the generators {X7", X7'}.
For establishing the last claim, it is sufficient to demonstrate that elem(W) ¢
H®. Arguing as in Lemma suppose elem(W) € HY for some g € G. Then
(elem(W "€ HY for every | € N. By choosing [ sufficiently large and applying
Lemma|3.1|one will obtain a contradiction with the assumption (z;)oo NHY = {15},
1=1,2, as in Lemma Therefore F N HE = {1¢}. Q.e.d. O

Corollary 2. With the assumptions of Lemma[3.8, K has a free subgroup F of
rank 2 which is quasiconver in G, E(F) = E(K) and FNH® = {1g}.

Proof. Choose a K-suitable element x; € K according to Lemma Since K is

non-elementary, there exists y € K\FE(z1). Therefore, x5 = yriy~t € K° and
E(x3) # E(x1) (as it can be seen from (2)). By the construction, (z;)oo N HY =
{1¢}, ¢ = 1,2. Hence the subgroup F' can be found by applying Lemma
Evidently B(K) < E(F), and E(F) C T(x1) = E(K). Thus E(F) = E(K). O

4. FREE PRODUCTS OF QUASICONVEX SUBGROUPS

Below we will assume that G is a §-hyperbolic group generated by a finite set .A.
First let us recall some properties of the hyperbolic boundary.

Lemma 4.1. ([12) Lemma 2.14]) Suppose A and B are arbitrary subsets of G and
AA)NA(B)=0. Then sup {(alb)1,} < oo.

a€A, beB
Remark 4.1. Suppose g,z € G and g has infinite order. If (z o {gT>®})N{gT>®} # 0
in the boundary dG, then x € E(g). If E(g) = E*(g) then g> ¢ G o {g~>}.

Note that x o {g¥*} = {(zgz=1)*>*} = A((zgx™1)) C IG. Since any cyclic
subgroup in a hyperbolic group is quasiconvex, we can apply Lemma to show
that (g) N (zgz~1) # {1g}. Hence z € E(g).

Let E(g) = E*(g) and suppose that g = x o g~ for some z € G. Then, as we
showed above, x € E(g) = E™(g). Hence

rog ® = lim (zgz )" = lim ¢"=g

n——oo n——oo

— 00

—0o0

Thus we achieve a contradiction with the inequality g # g

Lemma 4.2. Let g,z € G where g has infinite order and E(g) = ET(g). Then
there is N1 € N such that for every n > Ny the element xg™ € G has infinite order.
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Proof. If x ¢ E(g) then the claim follows by [I1, Lemma 9.14].

So, assume z € E(g). Since E(g) = E*(g), the center of F(g) has finite index
in it, thus E(g) is an FC-group. By B.H. Neumann’s Theorem [I5] the elements
of finite order form a subgroup T(g) < E(g). Therefore the cardinality of the
intersection {xg* | k € Z} N T(g) can be at most 1. Thus xg" ¢ T(g) for each
sufficiently large n. O

The main result of this paper is based on the following statement concerning
broken lines in a é-hyperbolic metric space:

Lemma 4.3. ([I8 Lemma 21], [14, Lemma 3.5]) Letp = [yo, Y1, - - -,Yn] be a broken
line in T'(G, A) such that ||[yi—1,y]l| > C1 Vi=1,...,n, and (Yi—1|¥i+1)y; < Co
Vi=1,...,n—1, where Cy > 145, C1 > 12(Cy + ). Then the geodesic segment
[Yo, Yn] is contained in the closed 146-neighborhood of p and ||[yo,yn]|l > |Ip|l/2-

Suppose a, b, ¢ and d are arbitrary points in I'(G, .A). Considering the geodesic
triangle with the vertices 1¢, a and ab, one can observe that
(alab)i = lale — (1glab)a = lale — (a™'[b)1c-
Now, since I'(G, A) is §-hyperbolic,
(3) (alo)re = min{(alab)ig, (able)ig } — & = min{lale — (a™[b)1g, (able)1g } — 0.
Replacing ¢ with cd in the above formula, we get
(4) (aled)1e > min{ale — (a7 D)1, (abled)r } — 6.

The Gromov product is symmetric, therefore we are able to combine formulas

and (@) to achieve

(5) (a|c)lc > min{|c|G - (C_lld)lca (a|Cd)1G} —0>

min{|a|G — (@™ HD)1g, el — (c7Hd)1g, (ab\cd)lg} — 26.
Theorem 5. Consider some elements g1, 1,92, T2,...,gs, s € G and an n-quasi-
convex subgroup H < G. Suppose the following three conditions are satisfied:

® g1,...,9s have infinite order and are pairwise non-commensurable;

o E(g;)) = E*(g;) for eachi=1,2,...,s;

e E(g))NH=E(g;) Ny ' Ha; = {1g} for eachi=1,2,...,s.
Then there exists a number N € N such that for everyn > N the elements ;9] € G,
i=1,2...,s, have infinite order, and the subgroup

a4 (H,2197,...,2s90) < G

is quasiconvex in G and isomorphic (in the canonical way) to the free product
H s (z1gy) s - - % (z598).
Proof. Choose arbitrary elements wq,ws € M and define w = w; Lwy € M. Then
this element has a presentation

(6) w = ho(wi, g2 ) ha(wi,95,)2 - i1 (z4,95)

where h; € H,i; € {1,...,s}, ¢, € {1,-1}, j=1,2,...,1, L e NU{0}.
Moreover, we can assume that the presentation @ is reduced in the following
sense: if 1 <j <1—1,4; =441 and €j41 = —¢; then h; # 1g.
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Consider a geodesic broken line [yo, y1, ..., y+1] in T'(G,A) with yo = w; and
elem(yk, yp+1]) = hk(azik+1gg’lc+l)e’“+1, kE=0,1,...,01 =1, elem([y;, yi+1]) = hi.
Therefore elem([yo, yi+1]) = w and y;+1 = wo.

Now we are going to find upper bounds for the Gromov products

(Wh—1|Yr+1)ye = W Yr—1lYp Yrr1)1a, k=1,
By the assumptions of the theorem, Lemma [2.5] implies that
x;0g%° = (9,0, ) ¢ A(H) and g7 ¢ A(H), i=1,...,s.
Since
A({zigl g7 ™7t |meN,1<i<s})={z;0g°,9;™|1<i<s}COG,
we are able to apply Lemma to define

o " max {(hlaig}" )1, (lg7 a7 1 | h € H1<i < s,m € N} < oo,

7

Similarly, since g; and g; are non-commensurable if ¢ # j and E(g;) = E™(g;),
we have (according to Lemma and Remark

Go{g=INGo{g;=} =0, Go{g*}NGofg®} =0, i, je{l,....s},i #].

Hence, the following numbers are also finite:

le

00 ] (i) hasgt) o (il (60) )

heH, |hlg <2a+26, 1<i,j<s, mJeN},

82 " max{ (wigi"has95) o ((@ig?") ™ |h(wi0)7)

heH, |hlg <2a+25, 1<i,j<s,ij, m,teN}.

i¥e!

Note that if h € H\{l¢} then, according to our assumptions, z; 'hx; ¢ E(g;).
Therefore, {g=°} N (z; 'hx;) o {gF>°} = 0 (Remark , implying x; o g7° #
(ha;)og®,i=1,...,s. We can also use Remarkto show that g; > # hog;
for each i. Consequently, by Lemma 4.1

g max{(%gﬂhl‘igf) ((wigi") | h(wigh) ™)

heH, |hlg<2a+25 h#1g, 1<i<s, m,teN}<oo.

1(;’ 1G

Finally, define § = max{f1, 02,83} < o0,

(7) Co=max{a+20,0+6,140} +1 and Cy =12(Co+9) + 1.

Since each g;, i = 1,..., s, has infinite order in G there exists N € N such that
for any ¢ € {1,..., s} one has

(8) || > max{a, 3,2C1} + a + |zil¢ + 25, Vn > N.

By Lemma [4.2} without loss of generality, we can assume that the order of z;g7,
1 =1,2,...,s, is infinite for every n > N. Fix an integer n > N and choose any
ke{l,...,l—1}. Then

(o) = ((0,00) by a0l ),
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To simplify the notation, let us denote a = (z;,gj' )", b = hit,, ¢ = hy and
d= (%, 9,,,)"". By construction
(9) (a‘c)lcv(ailw)lcv(cil‘d)lc <.

Now we need to consider two separate cases.

Case 1: |hi|g = |c|le¢ < 2a+ 20. Then, due to the definition of the number 3,
the inequality (aled)1, < 0 holds. Therefore, applying formulas and @[) one
obtains

B > (aled)1,, > min {|a|G — (a7 b)1g, (ab|cd)1c} —0>

min {|gZ€ la — |zila — a, (ab|cd)1c} — 0.

By , 97 | — |74, | — @ > B+ 4, hence the above inequality implies

(Yk—11Yk+1)y, = (abled)1, < B+ 6 < Co.
Case 2: |hi|g = |c|g > 2a + 20. Apply formulas and ([9) to achieve
a > (ale)1, > min{lalg — o, |c|lg — a, (abled)1, } — 26.

Observing |a|g —a > |97 |¢ — |z, | —a > a+20 and |c|g —a > a+ 24, we can
conclude that

(y]§_1|y]€_,_1)y,C = (ab\cd)lc <a+26<Cy.
At last, let us estimate the product (yi—1|yi+1)y, = ((zi,92) " hl:l1|hl)1c- De-
note a = (z;,9;)~*, b = h; Y and ¢ = hy.
Using formula and the definition of & one can obtain
a > (alc)1, > min{\xilgmg —a, (ab|c)1G} — 0.
As before, the latter implies that
Wi-1ly+1)y, = (able)1s <+ < Co.
Thus, we have shown that
(10) (Yr—1|Yk+1)y, < Co for each k=1,2,...,L

Now we need to find a lower bound for the lengths of the sides in the broken line

[yovyla <. ayl-‘rl]'
Let 0 < k <1 — 1. Note that |ablg > |blg — (a7 |b)1. for any a,b € G. Hence

||[yk7yk+1]H = |hk(mik+1gzi+1)6k+l|c' >
|(xik+1gzc+1)ek+l ‘G - (hgl‘(xik+1g&+l)6k+1)l

Applying inequality we obtain

. > |gZ€+1|G - |‘rik+1|G - Q.

(11) Yk, ye4a]ll > 2C ifO<k <I-1.

Depending on the length of the last side, ||[yi, vi+1]l| = |hi|g, there can occur
two different situations.

Case 1: ||[y,yi+1]ll = |l < Ci. Then we can use inequalities and

to apply Lemma to the geodesic broken line p’ = [yo,...,y]. Hence

[vo, 1] € O145(p") and d(yo, 1) = [|p'[|/2.
Since geodesic triangles in I'(G, A) are J-slim, we have

o, yi+1) € Os([yo, w1] U [y1, yi41]) € Osvc, ([wo, ui]) € O1ssvc, ().
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Now, if I > 1 in the presentation (€], one can use to obtain

d(yo, yi+1) = d(yo,y1) — d(yi, yi+1) > IP'[1/2 = C1 > |l[yo, m1]ll/2 — C1 > 0.
Case 2: /[y, yi41]l| = |lilc > C1. Then we can apply Lemma[£.3]to the broken
line p = [yo, - - -, Yi, Yi+1], thus achieving
[0, y14+1] C O145(p)-
As before, if [ > 1 one has

d(yo, yi+1) = [pll/2 > 0.

Thus, in either case we have established the following properties:

(12) [0, Yi4+1] C O1s54+¢, (p) and

(13) d(yo, y1+1) > 0.

The inequality implies that w # 1¢ in the group G for any element w € M
having a "reduced” presentation @ with [ > 1. Therefore

M = H * (x197) % % (Ts95)-
As n > N is fixed, one is able to define the constants

Czlrgazi{\xig?|g}<oo and € =166+ C1 +n+¢.

We will finish the proof by showing that [yo,y;+1] C O (M) which implies that M
is e-quasiconvex.

Consider an arbitrary k € {0,1,...,1}. Using the construction of y, € M and ¢,
and d-hyperbolicity of the Cayley graph we achieve

(14) (Y Y1) € Osc([Yr, yrhil)-
H is n-quasiconvex, therefore [1¢, hi] C O, (H). The metric in I'(G, A) is invariant
under the action of G by left translations, consequently
[k yrhw] C Oy (yrH) C Oy(M).
Combining the latter formula with leads us to
Wi, Yk+1] C Ospnic(M) for each k.
Finally, an application of yields

Y0, Yi41] C O1554+C1454n+¢ (M) = O (M),
as desired. O

5. HYPERBOLIC GROUPS WITH ENGULFING

Proof of Theorem[]] Since every elementary group is residually finite, it is sufficient
to consider the case when G is non-elementary. Let z1,...,zs be the generators of
G.

Define K = m L; then K is normal in G. Suppose K is infinite. If the

L<@G,|G:L|<c0

subgroup K were elementary, then it would be quasiconvex (this follows directly
from Lemmas and . Hence, according to a result proved by Mihalik and
Towle [9] (see also [I4, Cor. 2]), it would have a finite index in G, thus the group
G would also have to be elementary. Therefore K can not be elementary.
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Now we can apply Lemma [3.5 to find pairwise non-commensurable K-suitable
elements g1,...,9s+1 € K. Since the trivial subgroup H = {lg} < G is quasi-
convex, we can use Theorem [5 to show that the subgroups M = (z1g7,...,2s9%)
and M' = (x1g97,...,%s97,9%,) are free (of ranks s and (s + 1) respectively) and
quasiconvex in G for some sufficiently large n € N.

Note that M is a proper (infinite index) subgroup of G because |M’ : M| = cc.
According to our assumptions, there exists a proper finite index subgroup L in G
with M < L. By the construction, K < L, thus z,g}',g; € L for each i =1,...,s.

Consequently z; € L for each i = 1,..., s, contradicting with properness of L.
Therefore K is finite. If G is torsion-free then K is trivial, and, thus, G is
residually finite. O

As E(G) is the maximal finite normal subgroup in G, we obtain the following
statement right away:

Corollary 3. With the assumptions of Theorem suppose, in addition, that
E(G)={1¢}. Then G is residually finite.

Below it will be convenient to use the following equivalence relation between
subsets of a group G defined in [14]: for any A, B C G such that A < Band B < A
we will write A ~ B.

Remark 5.1. ([T4, Remark 3]) If A, B C G, A~ B and A is quasiconvex, then B is

also quasiconvex.

In particular, if A < B are subgroups of G and A has finite index in B then
A =~ B. Hence A is quasiconvex if and only if B is quasiconvex.

Lemma 5.1. Let G be a residually finite hyperbolic group and let H < G be a qua-
siconvex subgroup. Suppose that every proper quasiconvex subgroup of G is engulfed.
Then H has a finite index in its profinite closure K in G.

Proof. Arguing by the contrary, assume that |K : H| = oo. Since the group G is
residually finite, any finite subset is closed in the profinite topology. Thus H is
infinite; hence K is non-elementary.

Choose some generating set x1,...,xs of the group G. Since G is residually
finite, it has a finite index subgroup G satisfying

(15) GiN <E(K) U U xiE(K)x;1> = {lg}.

Define H; = H N Gy; then |H : Hy| < oo and, according to Remark H; is
quasiconvex. The profinite closure K; of H; in G has a finite index in K, therefore
K is non-elementary and |K; : Hi| = oo. The definition of a finite index subgroup
implies that there is [ € N such that ¢! € K; for each g € K. Since E(g) = E(g")
for any g € K° we have

E(K)CEE)= () E@c () E¢)= () El)=E(K).
ge(K1)0 geK© geK©
Thus E(K:) = E(K).
By Lemma |K; : (K1NHY)| = oo for every g € G and we can use Corollary
to obtain a free subgroup F' < K of rank 2 satisfying F N HE = {lg} and
E(F)=E(K;) = E(K).
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According to Lemma[3.5] there exist elements g1, ..., gs41 € F which are pairwise
non-commensurable and F-suitable. Consequently F(g;) = (gi)oo X E(K) and, since
E(K) is finite, formula implies that

E(g)NnH, =EK)NH ={1lg}, i=1,2,...,s+1, and
E(g)Na; 'Hix; = B(K) Noy ' Hyzy = {16}, i =1,2,...,s.
Now we apply Theorem [5] to find n € N such that the subgroups
M = (Hy,x197,...,2sg7) and M’ = (Hy,x147,. .. TGy Gart)

are quasiconvex in G and M’ = M x (g, 1)oc < G. Thus, M’ : M| = oo and M is
a proper subgroup of G.

The subgroup M is engulfed by our assumptions, therefore G has a proper finite
index subgroup L containing M. Observe that K; < L because H; < M < L, and,
since z;g/",9; € MUK, C L, we get x; € L for each i = 1,...,s. The latter implies
G = L — a contradiction. O

We will now prove Theorem [3| which strengthens the the statement of the previ-
ous lemma.

Proof of Theorem[3 We can assume that G is non-elementary because any elemen-
tary group is LERF. Since G is residually finite, there is a finite index subgroup
G1 < G with G N E(G) = {l1¢}.

Take an arbitrary quasiconvex subgroup H < G and set Hy = HN G;. As it
follows from Remark H, is quasiconvex in G. Therefore, according to Lemma
H, has a finite index in its profinite closure K; in G.

If H; = K, i.e., H; is closed in the profinite topology on G, then so is H. Thus,
we can suppose that Hy; # K;. Consequently |G : Hi| = 0o, and thus |G : K| = cc.

The subgroup K is quasiconvex according to Remark hence we can apply
Lemma [3.§] to find a G-suitable element g € G such that (g)o N K1 = {1¢}. Since
E(g) = (g9) x E(G), E(G) is finite and K; < G1, we have

E(g)Nn K, =EG)NK, ={1g}.

Now we can apply Theorem [5] to find a number n € N such that the subgroups
M = (Hy,g"™) and M' = (K1, g™) are quasiconvex in G and M’ = K; * (¢") 0.

Using properties of free products, we observe that M < M’ and |[M’ : M| = oo
because H; S K;. On the other hand, M’ is contained inside of the profinite closure
of M in G. Thus we achieve a contradiction with the claim of Lemma [5.11 O

Before proceeding with the next statement, we need to recall some facts concern-
ing quasiisometries of metric spaces. Let X and ) be metric spaces with metrics
d(-,-) and e(-,-) respectively. A map f: X — Y is called a quasiisometry if there
are constants D; > 0 and D5 > 0 such that

Dy td(a,b) — Dy < e(f(a), f(b)) < Did(a,b) + Dy Y a,be X.

The spaces X and )Y are said to be quasiisometric if there exists a quasiisometry
f X — Y whose image is quasidense in Y, i.e., there exists € > 0 such that for
each y € Y there is © € X with e(y, f(z)) <e.

M. Gromov [5] showed that if X" is hyperbolic and quasiisometric to Y (through
some map f : X — ) then the space ) is hyperbolic too. He also noted that in
this case the image f(Q) of any quasiconvex subset Q C X will be quasiconvex in

V.
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Proof of Theorem[3 Note that @ is a finite normal subgroup of G by Theorem [T}

Consider the quotient G; = G/Q together with the natural homomorphism
¥ : G — Gy. Since @Q is finite, ¢ is a quasiisometry between G and G; (G is
equipped with the word metric induced by the image of the finite generating set of
G). Therefore, G is also hyperbolic and any preimage map ¢ ~! : G; — G (which
maps an element of G; to some element of G belonging to the corresponding left
coset modulo Q) is a quasiisometry as well.

Choose an arbitrary proper quasiconvex subgroup H; < G;. Then ¢~ '(H;) is a
quasiconvex subset of G and

7N (Hy) Sy H(H) ST (HY) - Q,

where 1 ~!(H;) is the full preimage of H; in G.

As @ is finite, the above formula implies ¥ ~!(H;) ~ ¢ '(H;). Therefore
Y ~1(H;) is quasiconvex in G by Remark According to our assumptions, there
is a proper finite index subgroup L < G containing ¢~ (H;). By definition, Q < L,
hence (L) is a proper finite index subgroup of Gy with Hy < (L).

Thus, we have shown that G also engulfs each proper quasiconvex subgroup.
By the construction, G is residually finite and, therefore, GFERF (Theorem .

Consider any quasiconvex subgroup H < G. Then ¢(H) is quasiconvex in G
and, thus, it is closed in the profinite topology on G;. The homomorphism % is a
continuous map if G and G, are equipped with their profinite topologies, thus the
full preimage =1 (¢¥(H)) = H - Q is closed in G. Obviously H,Q < K (where K is
the profinite closure of H in G), hence K = HQ. Q.e.d. g

6. FREE ProDUCTS OF GFERF GROUPS

In the previous section we considered hyperbolic groups which engulf every
proper quasiconvex subgroup. Let us name them QFE-groups, for brevity.

As it can be seen from Theorem 2] any QE-group G is very close to being
GFERF. In fact, G is quasiisometric to the quotient G/E(G) which is GFERF by
Corollary [3|and Theorem 3] Nevertheless, the answer to the question whether each
QE-group is GFERF is still unclear. Theorem [2| would yield a positive answer if
a free product of any two QE-groups were a QE-group itself. Unfortunately, the
author is unable to prove this; actually, he doubts if this is true in general.

However, the following statement, proved by R. Burns, can be used to show that
a free product of GFERF-groups is, again, GFERF:

Lemma 6.1. ([2, Thm. 1.1]) Suppose G is a free product of its subgroups G;
indexed by some set I, and let H be a finitely generated subgroup. If for eachi € I,
g € G, the subgroup (H9 N G;) is G;-separable, then H is G-separable.

Let H be a subgroup of a group G. Suppose A and B are finite generating sets
for G and H respectively and | - |g, | - |z are the corresponding length functions.
Set ¢ = max{|blg : b€ B}. Evidently, |h|¢ < éh|y for all h € H.

H is called undistorted in G if there exists a constant ¢ > 0 such that |h|g <
clh|g for every h € H. In a hyperbolic group G, a finitely generated subgroup is
undistorted if and only if it is quasiconvex ([I0, Lemma 1.6]).

Proof of Theorem[J) It is well known that a free product of hyperbolic groups is a
hyperbolic group (see, for instance, [4, 1.34]). Thus, G is hyperbolic. Clearly, the
subgroups GG and G4 are undistorted in G; consequently, they are quasiconvex.
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Choose an arbitrary quasiconvex subgroup H < G, an element ¢ € G and

i € {1,2}. The subgroup HY is quasiconvex by Remark Since the intersection of
two quasiconvex subgroups is quasiconvex ([21, Prop. 3]), (H? NG;) is quasiconvex

in

G

G. Consequently, (H? N G;) is undistorted in G, and, hence, it is undistorted in
. Thus (HY9 N G;) is G;-separable because G; is GFERF.
According to Lemma [6.1] H is G-separable. Q.e.d. O
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